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SUBMERSIONS BY LIE ALGEBROIDS
PEDRO FREJLICH
Abstract. In this note, we examine the bundle picture of the pullback construction of Lie algebroids.
The notion of submersions by Lie algebroids is introduced, which leads to a new proof of the local normal
form for lie algebroid transversals of [7], and which we use to deduce that Lie algebroids transversals
concentrate all local cohomology.
The locally trivial version of submersions by Lie algebroids S is then discussed, and we show that
this notion is equivalent to the existence of a complete Ehresmann connection for S, extending the main
result in [11].
Finally, we show that locally trivial version of submersions by Lie algebroids gives rise to a system
of local coefficients, which is an integral part of a version of the homotopy invariance of de Rham
cohomology in the context of Lie algebroids, and we apply such local systems to extend the localization
theorem of [8].
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1. Introduction
Foremost among the properties that general Lie algebroids share with the prototypical example of
tangent bundles is that they enjoy a wholly analogous machinery of flows : every section a ∈ Γ(A) of a
Lie algebroid A on M gives rise (modulo completeness issues) to a morphism Lie algebroids
(Φ, φ) : A× TR −→ A,
its flow, uniquely characterized by ∂ǫΦ
†
ǫ(b) = Φ
†
ǫ([a, b]A) for all b ∈ Γ(A), where Φ
†
ǫ(b) denotes Φ
−1
ǫ (b◦φ).
Already for the case of tangent bundles, submanifolds transverse to flows play a certain privileged role of
local trivialization. This phenomenon has its clearest illustration in the collaring neighborhood theorem
for manifolds with boundary [13, Corollary 3.5], and lies at the heart of the homotopy classification of
bundles.
The present note is concerned with the interaction between transverse submanifolds and flows, in which
strong emphasis is put on functorial and cohomological aspects. Concretely, we study smooth families of
Lie algebroids Ax, parametrized by a smooth manifold x ∈M . Smoothness is encoded into the existence
of a surjective submersion p : Σ → M , and a Lie algebroid K on Σ, whose anchor ̺K : K → TΣ is
vertical, so that K restricts on each fibre Σx := p
−1(x) to a Lie algebroid Ax.
If we wish to compare points in arbitrary different fibres using Lie algebroid flows, the natural condition
to impose is that there be an extension of TM by K – that is, that there be a Lie algebroid A on Σ, in
which K sits as the kernel of a surjective morphism of Lie algebroids A → TM over p. This condition
is equivalent to demanding that each fibre of p sit in A as a Lie algebroid transversal. This is abstracted
into the main notion introduced in this note:
Definition 1. A submersion by Lie algebroids S = (A, p) on M is a Lie algebroid A on the total
space of a surjective submersion p : Σ→M , in which each fibre is a Lie algebroid transversal.
There is an obvious notion of morphism between submersions by Lie algebroids, as well as an obvious
notion of Ehresmann connection for such objects. A simple, but crucial property enjoyed by submersions
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by Lie algebroids S = (A, p) on M is that they pull back under arbitrary smooth maps φ : N → M , in
the sense that there is an induced submersion by Lie algebroids φ!S, together with a morphism into S.
Submersions by Lie algebroids specialize in extreme cases to surjective submersion (when A = TΣ),
transitive Lie algebroids (when Σ = M and p = idM ), and to Lie algebroids themselves (when M is a
point). Other examples arise by pulling back Lie algebroids by map from product manifolds N ×M ,
in which transversality is demanded of each fixed x ∈ M . For instance, a Lie algebroid A on the total
space of a vector bundle p : E → X pulls back under the scalar multiplication map m : E × [0, 1] → E
to a submersion by Lie algebroids over the unit interval iff X is a Lie algebroid transversal in A. This
observation yields another proof of the normal form for transversals in Lie algebroids [7]; in both Theorems
A and B below, A be a Lie algebroid on M , ∇ : Ay D a representation, and i : X →֒ M the inclusion
of a Lie algebroid transversal.
Theorem A. On a tubular neighborhood p : U → X of X in M , the representations p!i!(∇) and ∇ are
isomorphic,
Theorem B. The inclusion i : X →֒ U induces an isomorphism in Lie algebroid cohomology with
coefficients: i∗ : H(A|U ;D|U )
∼−→ H(i!(A); i∗(D)).
See Theorem 1, Corollary 2 and Theorem 2 for detailed statements.
In any case, it follows that each ’Lie algebroid fibre’ i!xS of a submersion by Lie algebroids S = (A, p)
determines the ambient Lie algebroid structure in an open neighborhood of the ’manifold fibre’ Σx =
p−1(x). However, such a neighborhood need not be saturated by fibres of p, and this completeness issue
leads naturally to the following
Definition 2. A submersion by Lie algebroids S on M is locally trivial if every point x ∈ M has an
open neihborhood U , over which there is an isomorphism i!xS× TU
∼−→ i!US covering idU .
For example, transitive Lie algebroids automatically satisfy this condition. Our next result generalizes
[11] to give a characterization of locally trivial submersions by Lie algebroids:
Theorem C. A submersion by Lie algebroids S is locally trivial if and only if it admits a complete
Ehresmann connection.
For locally trivial submersions by Lie algebroids, S = (A, p) and any representation ∇ : A y D, the
assignment
H∇(U) := H(A|Σ|U , D|Σ|U )
defines a locally constant presheaf on M , so the associated sheaf pr : H +∇ → M is a covering space. In
the next result, we describe the monodromy of the covering:
Theorem D. The monodromy of H∇ with respect to a path c : [0, 1]→M can be described by either:
i) parallel transport along c with respect to any complete Ehresmann connection;
ii) extensions to closed cocycles on c!S,
see Theorem 4 for a detailed statement. When the ’Lie algebroid fibre’ has finite-dimensional cohomology,
H
+
∇ is the sheaf of local parallel sections of a flat vector bundle H on M . We conclude by generalizing
to locally trivial submersions by Lie algebroids the localization principle for cohomology classes of degree
one given in [8, Theorem 2.2]:
Theorem E. If S = (A, p) is a locally trivial submersion by Lie algebroids on a connected manifold M ,
and ∇ : Ay D is a representation for which Hq(Ax;Dx) = 0 for q < n− 1. Then the restriction map
i∗x : H
n(A;D)→ Hn(Ax;Dx)
is injective, provided that either Hn−1(Ax;Dx) = 0, or that M be simply connected and H
n−1(Ax;Dx)
have finite dimension.
See Theorem 5.
The paper is organized as follows:
Section 2 introduces our main object of study, submersions by Lie algebroids. We discuss their basic
structure and morphisms, and the crucial fact for what follows – namely, that they pull back under any
smooth map. It is there that we prove Theorems A and B.
The notions of local triviality and Ehresmann connections are discussed in Section 3, where we prove
Theorem C, characterizing locally trivial submersions by Lie algebroids as those which admit complete
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Ehresmann connections. This leads to the system of local coefficients of Section 4, where we prove
Theorem D concerning its monodromy.
Finally, in Section 5, in which we discuss a spectral sequence naturally associated with locally trivial
submersions by Lie algebroids, and which leads to Theorem E concerning the localization of cohomology
classes to fibres.
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2. Submersions by Lie algebroids
Recall from Definition 1 that a submersion by Lie algebroids S = (A, p) consists of a Lie algebroid
A on the total space of a surjective submersion p : Σ→M , with the property that each fiber Σx := p
−1(x)
is transverse to A.
Lemma 1. Let p : Σ → M be a surjective submersion, V (Σ) := ker p∗ its vertical bundle, and A a
Lie algebroid on Σ. Then the induced morphism of Lie algebroids (τA, p) : A → TM , τA = p∗̺A is
surjective exactly when S = (A, p) is a submersion by Lie algebroids, in which case K(A) := ker τA is a
Lie subalgebroid of A with vertical anchor.
Proof. (τA, p) : A→ TM is a morphism of Lie algebroids since it is the composition of morphisms of Lie
algebroids (p∗, p) : TΣ→ TM and (̺A, id) : A→ TΣ, and it is surjective exactly when V (Σ) + ̺A(A) =
TΣ, i.e., when S = (A, p) is a submersion by Lie algebroids. This implies that K(A) = ker τA is a Lie
subalgebroid, and that ̺A : K(A)→ TΣ factors through V (Σ) ⊂ TΣ. 
A submersion by Lie algebroids S = (A, p) thus induces an exact sequence of vector bundles over Σ:
0 −→ K(A) −→ A
τA−→ p∗(TM) −→ 0
Lemma 2. Let φ : Σ → N a smooth map transverse to a Lie algebroid B on N . Then the following
conditions are equivalent:
i) φx : Σx → N is transverse to B for all x ∈M ;
ii) A := φ!(B) turns p : Σ→M into a submersion by Lie algebroids S(φ,B) := (A, p).
Proof. Let x = p(y) ∈M and let u ∈ TyΣ. Assuming i), there exist v ∈ V (Σ)y and b ∈ Bφ(y), such that
φ∗(u) = φx∗(v) + ̺B(b).
This implies that a := (u − v, b) ∈ Ay, and that
a := (u − v, b) ∈ Ay, u = ̺A(a) + (v, 0) ∈ ̺A(A) + V (Σ),
which shows that ii) holds. Conversely, assume ii) and denote by (Φ, φ) : φ!(A) → A the pullback
morphism of Lie algebroids. Because φ is transverse to B, for each w ∈ Tφ(y)N , there exist b ∈ Bφ(y) and
u ∈ TyΣ such that
w = φ∗(u) + ̺B(b).
Because S = (φ!(B), p) is a submersion by Lie algebroids, there exist a ∈ Ay and v ∈ V (Σ)y such that
u = ̺A(a) + v.
This implies that
w = φ∗(̺A(a) + v) + ̺B(b) = φ∗(v) + ̺B(Φ(a) + b)
= φx∗(v) + ̺B(Φ(a) + b)
and so i) holds. 
Example 1. A surjective submersion p : Σ → M defines a submersion by Lie algebroids S(p, TM). A
transitive Lie algebroid A on M defines a submersion by Lie algebroids S(idM , A).
For later reference, we state the following simple consequence of Lemma 2:
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Corollary 1 (Transversality and rescaling). Let p : E → X be a vector bundle, with scalar multiplication
map m : E × R→ E. Then for a Lie algebroid A on E, the following conditions are equivalent:
i) The zero section X →֒ E is transverse to A;
ii) for all t ∈ R, mt : E → E is transverse to A;
iii) m!(A) turns pr : E × R→ R into a submersion by Lie algebroids.
Proof. Just note that mt : E → E is a diffeomorphism for t 6= 0, so ii) holds iff m0 is transverse to A;
and since m0∗(TE) = TX , i) and ii) are equivalent, and ii) ⇔ iii) by Lemma 2. 
A morphism Φ : S0 → S1 between submersion by Lie algebroids Si = (Ai, pi) is a morphism of Lie
algebroids (Φ, ϕ) : A0 → A1, in which ϕ : Σ0 → Σ1 covers a smooth map φ :M0 →M1.
Example 2. The anchor defines a morphism ̺A : S = (A, p)→ S(p, p, TM).
A crucial feature of submersions by Lie algebroids is that they pull back under arbitrary smooth maps
into the base.
Lemma 3. Let S = (A, p) be a submersion by Lie algebroids on M , and for a smooth map φ : N →M ,
denote by p : φ∗(Σ) → N the pullback submersion, and by ϕ : φ∗(Σ) →: Σ the pullback map. Then
φ!S = (ϕ!(A), p) is a submersion by Lie algebroids on N , and the pullback morphism of Lie algebroids
(Φ, ϕ) : ϕ!(A)→ A defines a pullback morphism of submersions by Lie algebroids Φ : φ!S→ S.
Proof. Let C ⊂ A be any vector subbundle for which V (Σ) + ̺A(C) = A. Because
ϕ∗V (φ
∗(Σ))y = V (Σ)ϕ(e′), V (Σ)x + ̺A(A)x = TxΣ, y ∈ φ
∗(Σ), x ∈ Σ
we have that the pullback map ϕ : φ∗(Σ)→ Σ is transverse to C, i.e. ϕ∗(Tyφ
∗(Σ))+̺A(Cϕ(y)) = Tϕ(y)Σ.
In particular, ϕ is transverse to A, whence the pullback morphism of Lie algebroids (Φ, ϕ) : ϕ!(A) → A
is defined.
We check that fibres of p are transversals in ϕ!(A): let w ∈ Tyφ
∗(Σ), and decompose ϕ∗(w) = v+̺A(a)
with v ∈ V (Σ)ϕ(y) and a ∈ Aϕ(y). Now, v = ϕ∗(u) for some u ∈ V (φ
∗(Σ))y implies that ϕ∗(w − u) =
̺A(a), which is to say that a
′ := (w − u, a) ∈ ϕ!(A)y , and therefore w = u + ̺ϕ!(A)(a
′). This proves
that φ!S = (ϕ!(A), p) is a submersion by Lie algebroids, and by construction (Φ, ϕ, φ) : φ!S → S is a
morphism of submersions by Lie algebroids. 
We will call φ!S the pullback submersion by Lie algebroids, and (Φ, ϕ, φ) : φ!S → S the
pullback morphism of submersions by Lie algebroids.
The next theorem gives a normal form for transversals in Lie algebroids which is much in the spirit of [7].
Theorem 1 (Normal form for Lie algebroid transversals). If X ⊂ (M,A) is a Lie algebroid transversal,
then for every tubular neighborhood p : E → X of X in M , there exists an open neighborhood U ⊂ E of
X and a Lie algebroid isomorphism
(Φ, ϕ) : p!i!(A)|U
∼−→ A|ϕ(U)
extending i˜ on i!(A) ⊂ p!i!(A).
Proof. It follows from Corollary 1 that m!(A) turns pr2 : E× I → I into a submersion by Lie algebroids,
in which the fibre over ǫ ∈ I is canonically identified with m!ǫ(A), and m
!
0(A) = p
!i!(A), where i : X → E
is the inclusion. Note also that X × I is a Lie algebroid transversal in (E × I,m!(A)), and that(
X × I, (i, id)!m!(A)
)
= (X, i!(A))× (I, T I).
Hence we can choose a section a ∈ Γ(m!(A)), such that
a coincides with ∂
∂ǫ
along X × I;a) τm!(A)(a) =
∂
∂ǫ
b)
Let (Φǫ, ϕǫ) denote the local flow of a (see e.g. [10, Appendix]). Because of condition a), if b ∈
(i, id)!m!(A), then Φǫ(b) is defined up to time ǫ = 1; this implies by condition b) that there is an open
neighborhood U ⊂ E × {0} of X × {0}, such that Φǫ induces a path of isomorphisms of Lie algebroids
(Φǫ, ϕǫ) : m
!
0(A)|U
∼−→ m!ǫ(A)|ϕǫ(U), ǫ ∈ [0, 1],
which restricts to the identity on i!(A) ⊂ m!0(A)|U = (p|U )
!i!(A). Hence at time one we get an isomor-
phism
(Φ1, ϕ1) : m
!
0(A)|U = (p|U )
!i!(A) ∼−→ A|ϕ1(U) = m
!
1(A)|ϕ1(U). 
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Let now the Lie algebroid A on M have a representation ∇ on a vector bundle D. Then A∇ := A⊕D
has the structure of Lie algebroid on M , with bracket and anchor
̺A∇(a, s) = ̺A(a), [(a, s), (a
′, s′)]A∇ = ([a, a
′]A,∇as
′ −∇a′s)),
and this establishes a bijection between representations of A on D and Lie algebroids A∇ in which D
sits as a totally intransitive, abelian subalgebroid, with quotient A. Then Theorem 1 has the following
immediate version for representations:
Corollary 2. For a Lie algebroid transversal X ⊂ (M,A), and a representation ∇ : A y D, the
representations p!i!(∇) and ∇ are isomorphic around X, by an isomorphism which is identical on i!(∇) ⊂
p!i!(∇).
Proof. As in the proof of Theorem 1, consider scalar multiplication m : E × [0, 1] → E and form the
pullback m!A∇, which is canonically identified with Am!∇ = m
!(A) ⊕m∗(D). Again, S(pr,m,A∇) is a
bundle of Lie algebroids, with X × I as a Lie algebroid transversal, and(
X × I, (i, id)!m!(A∇)
)
= (X, i!(A∇))× (I, T I) = (X,Ai!∇)× (I, T I).
If a ∈ Γ(m!(A)) is the section in the proof of Theorem 1, the local flow Φ˜ǫ of (a, 0) ∈ Γ(m
!A∇) is of
the form
Φ˜ǫ =
Å
Φǫ 0
0 Ψǫ
ã
simply because
[(a, 0),Γ(A)]A∇ ⊂ Γ(A), [(a, 0),Γ(D)]A∇ ⊂ Γ(D).
On the other hand, because D is totally intransitive, the local flow Φ˜ǫ is defined exactly where Φǫ is
defined; in particular, it is defined up to time ǫ = 1 on an open neighborhood U ⊂ E × {0} of X × {0},
and at time one it defines an isomorphism of representations
(Φ1,Ψ1, ϕ1) : p
!i!(∇)|U
∼−→ ∇|ϕ1(U),
which restricts to the identity on i!(∇) ⊂ p!i!(∇). 
Theorem 2 (Lie algebroid transversals and cohomology). For a Lie algebroid transversal X ⊂ (M,A),
and a representation ∇ : Ay D, there exists an open neighborhood U of X so that the induced map:
i∗ : H•(A|U ;D|U )
∼−→ H•(i!(A); i∗(D))
is an isomorphism.
Proof. By Corollary 2, we can find an isomorphism (Φ,Ψ, φ) : p!i!(∇) ∼−→ ∇|φ(U) which restricts to the
identity of i!(∇), where i : X →֒ M is the inclusion, and p : U → X is a tubular neighborhood of X in
M . Hence the composition
i!(∇)
i
−→ ∇|ϕ(U)
(Φ,Ψ,φ)−1
−→
≃
p!i!(∇)
p
−→ i!(∇)
is the identity, hence the composition of
H(i!(A); i∗(D))
p∗
−→H(p!i!(A); p∗i∗(D))
Φ−1∗
−→ H(A|ϕ(U);D|ϕ(U))
i∗
−→ H(i!(A); i∗(D))
is also identical. On the other hand, if p : U → X has contractible fibres, which we can always assume to
be the case, then p∗ : H(i!(A); i∗(D))→ H(p!i!(A); p∗i∗(D)) is an isomorphism by [9, Theorem 2], whence
i∗ is an isomorphism as well. 
3. Local triviality and completeness
An Ehresmann connection for a submersion by Lie algebroids S = (A, p) is a linear splitting
A = K(A) ⊕ C. Such a splitting determines, and is determined by, a vector bundle map over Σ of
horizontal lift :
horC : p
∗(TM) −→ A, τA ◦ hor = idp∗(TM).
By (the proof of) Lemma 3, if C is an Ehresmann connection for a submersion by Lie algebroids S =
(A, p), and φ : N → M is a smooth map, with induced pullback morphism of submersions by Lie
algebroids (Φ, ϕ, φ) : φ!S→ S, then φ!C := TN ×TM C is an Ehresmann connection for φ
!
S.
An Ehresmann connection C for S is called complete if either of the following equivalent conditions
is met:
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C1) the horizontal lift horC(u) ∈ Γ(C) of a complete vector field u ∈ X(M) is a complete section;
C2) the induced Ehresmann connection H(C) := ̺A(C) for the underlying submersion by Lie algebroids
S(p) = (TE, p) is complete;
C3) for every curve c : [0, 1]→M , the flow of any time-dependent section aǫ with horC(c˙(ǫ)) = aǫ(c(ǫ))
defines a parallel transport along c, i.e., a smooth path of isomorphisms of Lie algebroids
Φaǫ : i
!
c(0)S
∼−→ i!c(ǫ)S, ǫ ∈ [0, 1],
where ix denotes the inclusion of a point x ∈M .
Evidently, while every submersion by Lie algebroids admits an Ehresmann connection, not every such
submersion admits a complete Ehresmann connection:
Example 3. Let Σ = R2×R, M = R, and pΣ→M the canonical projection. Let also B be the cotangent
Lie algebroid of a bivector π on N = R2, which is supported on the unit disk, and is nondegenerate at the
origin. Then S(m,B) is a submersion by Lie algebroids, in which the only transitive fibre is the one over
zero. This implies that a complete Ehresmann connection for S cannot exist. By constrast, a complete
Ehresmann connection for S(m,TN) exists.
Proposition 1. Let C be an Ehresmann connection for a submersion by Lie algebroids S = (A, p) on
M , let φ : N →M be a smooth map, and let φ!(C) be the pullback connection for φ!S.
a) φ!(C) complete if C is complete;
b) C is complete if φ!(C) is complete, and φ is e´tale and surjective;
c) If S has a complete Ehresmann connection and φ : N×[0, 1]→M is a smooth map, and φ0 := φ|N×{0},
there is an isomorphism of submersions by Lie algebroids
(Ψ, ψ, id) : φ!0S× TI
∼−→ φ!S,
which restricts to the identity on φ!0S;
d) A sufficient condition ensuring that an Ehresmann connection C for S be complete is that there exist:
• an open cover U = (Ui) of M ,
• a local trivialization ψ :
∐
Ui ×Xi
∼−→ q∗
U
(E), and
• exhaustions1 Xi = (Xi,n) of Xi by compact submanifolds,
such that q!
U
C is tangent2 to each Ui ×Xi,n.
Proof. Let jx and iy denote the inclusions x ∈ N and y ∈ M . Then there is a canonical identification
ψx : j
!
xφ
!
S
∼−→ i!φ(x)S; hence if c : [0, 1] → N is a smooth curve, we have that the local flows Φ˜ǫ of
horφ!C(c˙) and Φǫ of horC(φ∗c˙) intertwine these maps:
(φjc(0))
!
S
ψc(0)

Φ˜ǫ
// (φjc(ǫ))
!
S
ψc(ǫ)

i!φc(0)S Φǫ
// i!φc(ǫ)S
This implies that Φ˜ exists for all times if C is complete; conversely, if φ!C is complete, then Φǫ exists
along curves in M which can be lifted locally to curves in N . This proves a) and b).
For c), we claim that the flow Φǫ : φ
!
S → φ!S of a = horφ!(C)(∂ǫ) assembles into a morphism of Lie
algebroids
(Φ, φ) : φ!S× TR −→ φ!S
(extending φ to a smooth map φ :M × R→M) by declaring ∂ǫ ∼ a. Indeed, it suffices to check that
β ∼ b =⇒ [∂ǫ, β]A×TR ∼ [a, b]A,
and for that, it suffices to assume that β = Φ∗ǫ (b), in which case it follows from
[∂ǫ, β]A×TR = ∂ǫβ = ∂ǫΦ
∗
ǫ (b) = Φ
∗
ǫ ([a, b]A).
The restriction of Φ to φ!0S× TI then defines an isomorphism
(Φ, φ) : φ!0S× TI
∼−→ φ!S.
1A smooth manifold is exhausted by a sequence (Xn) of compact, codimension-zero submanifolds with boundary Xn ⊂ X
if X = ∪Xn.
2An Ehresmann connection C for S is tangent to a submanifold Σ′ ⊂ Σ if H(C)x ⊂ TxΣ′ for all x ∈ Σ′. It is tangent
to a compact exhaustion (Σn) of Σ if it is tangent to each Σn.
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For d), note that the tangency condition on q!
U
C implies that it is complete (see [11, Lemma 2]), and
since qU is e´tale and surjective, item b) applies. 
As pointed out in [11], the condition in item d) of Proposition 1 is suitable for globalization of local
complete connections:
Proposition 2. A complete Ehresmann connection for a submersion by Lie algebroids S exists, provided
that there exist:
1) an open cover U = (Ui) of M and a local trivialization ψ :
∐
Ui ×Xi
∼−→ q∗
U
(Σ),
2) exhaustions Xi = (Xi,n) of Xi by compact submanifolds, and
3) an Ehresmann connection C for q!
U
S,
with the property that the pullback connection of C by ψ is tangent to each Ui ×Xi,n.
Proof. Let U , ψ, Xi and C be as in the statement. Let us write ψ =
∐
ψi, and note that we can assume
without loss of generality that U = (Ui) is locally finite, and has countably many elements. Choose a
cover K = (Ki) of M by compact subsets satisfying Ki ⊂ Ui. Assume for the moment that
(∗) ψi(Ki ∩Kj × ∂Xi,n) ∩ ψj(Ki ∩Kj × ∂Xj,m) 6= ∅ =⇒ i = j.
This condition ensures that the restriction
ψ|Υ : Υ −→ Σ, Υ :=
∐
i,n
Ki × ∂Xi,n
is an embedding, and hence extends to an open embedding ψ|W :W → Σ, whereW =
∐
i,n U
′
i×∂Xi,n and
U ′i is an open neighborhood ofKi in Ui. Then ψ pushes C|W to an Ehresmann connection forS|ψ(W ), and
the latter can be extended to an Ehresmann connection C′ for S, simply because Ehresmann connections
are sections of an affine bundle. By construction, a such connection C′ is automatically complete by item
d) of Proposition 1.
It therefore suffices to show that one can choose subexhaustions Yi = (Xi,αi(n)) of Xi for which (∗)
holds true. Denote the transition maps ψj |
−1
Ui∩Uj×X
◦ ψi|Ui∩Uj×X by ψji. We split the proof into three
cases.
Case One: U = {U1, U2}. In the case where the open cover U consists of two open sets U1 and U2, we
construct subexhaustions Y1 = (X1,α1(n)) and Y2 = (X2,α2(n)) by induction as follows: the initial step
sets α1(1) := 1 and
α2(1) = min{k | ψ21(K1 ∩K2 ×X1,1) ⊂ K1 ∩K2 × int(X2,k)}.
Suppose the values of α1(n), α2(n) have been chosen for all n 6 r in such a way that
ψ21(K1 ∩K2 ×X1,α1(n)) ⊂ K1 ∩K2 × int(X2,α2(n))
ψ12(K1 ∩K2 ×X2,α2(n−1)) ⊂ K1 ∩K2 × int(X1,α1(n))
Then these relations are satisfied up to r + 1 if we set
α1(r + 1) := min{k | ψ12(K1 ∩K2 ×X2,α2(r)) ⊂ K1 ∩K2 × int(X1,k)},
α2(r + 1) := min{k | ψ21(K1 ∩K2 ×X1,α1(r+1)) ⊂ K1 ∩K2 × int(X2,k)}.
This algorithm constructs increasing maps αi : N → N for which the subexhaustions Yi := (Xi,αi(n))
satisfy the condition in the statement.
Case Two: U = {U1, U2, ..., UN}. In this case, the desired subexhaustions Yi are constructed by
(
N
2
)
successive applications of Case One, to the following lexicographic sequence of pairs of open sets:
{U1, U2}, . . . , {U1, UN}, {U2, U3}, . . . , {U2, UN}, . . . , {UN−1, UN}.
Case Three: Countable U . Because U = (Ui)i∈N is locally finite, the set
Λ(i) := {j ∈ Λ(i) | Ui ∩ Uj 6= ∅, j > i}
is finite for each i. Write Mi :=
⋃
j∈Λ(i) Uj . We define subexhaustions Yi := (Xi,αi(n)) by inductively
applying Case Two to
(
Mr, (Ui)i∈Λ(r)
)
. This process generates the desired compact subexhaustions
Yi. 
Definition 3. A submersion by Lie algebroids S = (A, p) is called locally trivial if every point x ∈M
has an open neighborhood U ⊂M , over which there is an isomorphism (Ψ, ψ, id) : (TU, id)×i!xS
∼−→ i!US.
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Theorem 3. The following are equivalent conditions on a submersion by Lie algebroids S:
i) It admits a complete Ehresmann connection;
ii) It is locally trivial.
Hence locally trivial submersions by Lie algebroids in our sense are exactly what [3, Definition 1.1] calls
fibrations over TM .
Proof. Let S = (A, p) be a submersion by Lie algebroids on M .
i) ⇒ ii) If S admits a complete Ehresmann connection, choose an open cover U = (Ui) of M , for which
there exists smooth contractions:
fi : Ui × [0, 1] −→ Ui, fi,0(x) = xi, fi,1(x) = x, x ∈ Ui,
and consider the ensuing homotopy f :
∐
Ui × [0, 1] → M . By item c) of Proposition 1, we have an
isomorphism f !0S× TI
∼−→ f !S, and in particular, an isomorphism between
f !0S =
∐
TUi × i
!
xi
S, and f !1S = q
!
U (S) =
∐
i!UiS.
ii) ⇒ i) Choose an open cover U = (Ui) of M , over which there exists a Lie algebroid isomorphism
(Ψ, ψ, id) :
∐
(TUi, id)× i
!
xi
S
∼−→ q!U S,
where xi ∈ Ui. Note that the product Ehresmann connection
∐
TUi×Xi for q
!
U
S satisfies the hypotheses
of Proposition 2 with respect to any exhaustionsXi = (Xi,n) ofX by compact submanifolds, and therefore
a complete connection C exists for S. 
4. The system of local coefficients
Given a submersion by Lie algebroids S = (A, p) and a representation ∇ : Ay D, there is an induced
presheaf of graded vector spaces
H∇ : Open(M) −→ GVect, H∇(U) := H(A|Σ|U ;D|Σ|U ),
whose associated sheaf we denote by pr : H +∇ →M .
Lemma 4. The presheaf H∇ is locally constant if S is a locally trivial submersion by Lie algebroids.
Proof. First note that if S = (A, p) is a locally trivial submersion by Lie algebroids, and ∇ : Ay D is a
representation, then S∇ = (A∇, p) is again a locally trivial submersion by Lie algebroids. Indeed, if C is
a complete Ehresmann connection for S, then C∇ = C⊕D is a complete Ehresmann connection for S∇;
hence Theorem 3 implies that S∇ is locally trivial. So we are reduced to showing that, for a contractible
open neihborhood U of x, and pr : U×i∗x(Σ)→ i
∗
x(Σ) the canonical projection, Hpr! i!x∇ is locally constant,
and the latter is a consequence of [9, Theorem 2], which implies that pr∗ : H(i!x∇) → H(pr
! i!x∇) is an
isomorphism, whence Hpr! i!x∇ ≃ U ×H(i
!
x∇), where H(i
!
x∇) has the discrete topology. 
In particular, for a locally trivial submersion by Lie algebroids S = (A, p), pr : H +∇ →M is a covering
space, the fibre over any x ∈ M being canonically identified with Hq(Ax;Dx). We describe next the
monodromy of pr : H +∇ →M , i.e., the homomorphism of abelian groups
mon(c) : Hq(i!c(0)S) −→ H
q(i!c(1)S)
induced by a curve c : [0, 1] → M . By item c) in Proposition 1, i∗0 : H
q(c!S) ∼−→ Hq(i!c(0)S) is an
isomorphism, and similarly for i∗1 : H
q(c!S) ∼−→ Hq(i!c(1)S). Hence we set
mon(c) := (ic(1))
∗ ◦ (ic(0))
∗−1.
Theorem 4 (Monodromy). Let S = (A, p) be a submersion by Lie algebroids, endowed with a complete
Ehresmann connection C and a representation ∇ : A y D. For a curve c : [0, 1] → M , denote by Φǫ
parallel transport of ∂ǫ with respect to c
!(C). Then
mon(c) = Φ∗−11 .
Proof. Let a = horc!(C)(∂ǫ) ∈ Γ(c
!
S), and recall that its flow induces an isomorphism
(Φ, φ) : c!0S× TI
∼−→ c!S.
Because a spans c!(C) and ∂ǫ ∼ a, the induced Ehresmann connection (Φ, φ)
!C for c!0S× TI is the flat
one. 
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Remark 1. For transitive Lie algebroids, the system of local coefficients H∇ had first appeared in [8],
and was described in great detail in [5].
Corollary 3 (Gauß-Manin connection). If H(Ax;Dx) is finite-dimensional for all x ∈ M , there exist a
graded vector bundle H→M , and a degree-preserving flat connection ∇GM : TM y H, with the property
that
a) Hx = H(Ax;Dx) for all x ∈M ;
b) local sections of pr : H +∇ →M are exactly the local horizontal sections of ∇
GM.
Proof. Since H +∇ is a locally finitely generated R-module by hypothesis, H
+
∇ ⊗R C
∞(M) is a locally
finitely generated C∞(M)-module, and hence corresponds by the Serre-Swan theorem to the sheaf of
local sections of a smooth vector bundle H on M . The canonical map H +∇ → H is a smooth bijection.
Since H +∇ is a covering space, it defines a flat connection by declaring a local section of H to be flat if it
comes from a local section of H +∇ . 
The discussion so far allows us to describe a version of homotopy invariance for Lie algebroid coho-
mology as a twisting by the system of local coefficients:
Corollary 4. Let A be a Lie algebroid on M , ∇ : Ay D a representation, and let φ : N × [0, 1] → M
be a smooth map for which each φǫ : N → M is transverse to A. If φ
!(A) turn pr : N × [0, 1] → [0, 1]
into a locally trivial submersion by Lie algebroids, then φ∗ǫ (ω), ω ∈ H
q(A), is parallel transport of φ∗0(ω)
with respect to any complete connection.
When the system of local coefficients is trivial, this reduces to the familiar statement that φ∗ǫ (ω) does
not depend on ǫ; in the general case, it describes parallel transport Φ∗−1ǫ φ
∗
0(ω). (See also the forthcoming
work [4]). The appearance of the twisting by the local system of coefficients is explained by the fact that,
in the generality of Corollary 4, for each fixed x ∈ N , the paths φǫ(x) ∈M need not lie in the same leaf
of A – a phenomenon which does not occur in classical de Rham theory, and a trivial example of which
we present below:
Example 4. Let A be a Lie algebroid on M with trivial bracket and anchor (i.e., a vector bundle). Then
every section of ∧A∗ is a cocycle. If φǫ(x) is the flow of a vector field v ∈ X(M), then φǫ(x) lies in a leaf
of A exactly when v vanishes at x, and φ∗ǫ (ω) 6= φ
∗
0(ω) for some ǫ, unless Lvω(x) = 0.
5. Localization
Let A be a Lie algebroid on M , and ∇ : A y D a representation. Fix an open cover U = (Ui)i∈I of
M , and for each finite subset α ⊂ I, denote by Uα the intersection of all its members ∩i∈αUi. Consider
the Cˇech-de Rham double complex of U with values in the sheaf Ω∇ of smooth section of ∧A
∗ ⊗D:
Cp(U ; Ωq∇) :=
∏
|α|=p+1
Ωq∇(Uα), p, q > 0,
with differentials d∇ : C
p(U ; Ωq∇)→ C
p(U ; Ωq+1∇ ) induced by (Ω∇, d∇), and the Cˇech differential,
δ : Cp(U ; Ωq∇)→ C
p+1(U ; Ωq∇), (δω)α0···αp =
p∑
i=0
(−1)iω
α0···“αi···αp
The natural map r : Ω(A;D) −→ C0(U ; Ωq∇), r(ω)i := ω|Ui makes the augmented complex
0 −→ Ω(A;D)
r
−→ C0(U ; Ωq∇)
δ
−→ C1(U ; Ωq∇)
δ
−→ · · ·
δ
−→ Cp(U ; Ωq∇)
δ
−→ · · ·
exact, and so may we deduce as in [1, Section 2.9] that
Lemma 5 (Mayer-Vietoris principle). The complex (Ω∇, d∇) is quasi-isomorphic to the total complex
(C∇,d),
Cn∇ := ⊕p+q=nC
p(U ; Ωq∇), d := δ + (−1)
pd∇.
See in this connection the recent work [6].
Proposition 3 (Leray principle for Lie algebroid cohomology). If S = (A, p) is a Lie algebroid bundle,
and U = (Ui) is a good cover of M , there is a bigraded spectral sequence d
r : Ep,qr → E
p+r,q−r+1
r , which
converges to H(A;D), and whose second page is given by Cˇech cohomology with values in the presheaves
H
q
∇
E
p,q
2 := H
p(U ;H q∇) =⇒ H
p+q(A;D).
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Proof. Applying [1, Theorem 4.14] to the double complex (Cp(U ; Ωq∇), d∇, δ) we get as in [1, Theorem
4.18] a spectral sequence converging to the cohomology of the total complex (C∇,d), whose first and
second pages are given by
E
p,q
1 = C
p(U ;H q∇), E
p,q
2 = H
p(U ;H q∇),
while Lemma 5 identifies H(C∇) with H(A;D). 
Theorem 5. Let S = (A, p) be a locally trivial submersion by Lie algebroids, and ∇ : A y D a
representation. Then for any point x ∈M , the homomorphism
i∗x : H
n(A;D) −→ Hn(Ax;Dx)
induced by inclusion is injective, provided that:
Hq(Ax;Dx) = 0 for each q < n− 1,a) M is connected,b)
and either of the following conditions holds:
Hn−1(Ax;Dx) = 0, orc1) π1(M,x) = 0 and dimH
n−1(Ax;Dx) <∞.c2)
Proof. Assumption a) implies that the spectral sequence of Proposition 3 satisfies En−q,q2 = 0 for all
q < n − 1. This implies on the one hand that En−q,q∞ = 0 for all such q < n − 1, and that E
n−q,q
r are
subspaces of En−q,q2 for all r > 2 and q > n− 1. Assuming either c1) or c2) implies that also E
1,n−1
∞ = 0,
and hence that the filtration of Hn(A;D) has a single nontrivial step E0,n∞ = H
0(M ;H n∇ ). Indeed,
assuming c1) this follows from E1,n−12 = 0, while c2) implies that Et(H
n−1
∇ ) ≃M ×H
n−1(Ax;Dx), and
that
E1,n−1∞ = H
1(M ;H n−1∇ ) ≃ H
1(M)⊗Hn−1(Ax;Dx) = 0.
Hence
s· : H
n(A;D) ∼−→ H0(M ;H n∇ ), sω(y) := i
∗
y[ω], ω ∈ Ω
q(A)
is an isomorphism. Now observe that i∗x : H(A;D) −→ H(Ax;Dx) factors as
Hq(A;D)
i∗x &&◆
◆◆
◆◆
◆◆
◆◆
◆◆
s·
// H0(M ;H n∇ )
evx
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦
Hq(Ax;Dx)
where evx denotes the map evx(s) := s(x) for s ∈ H
0(M ;H n∇ ), which is injective, since the set of points
on which two sections of a covering space agree is both open and closed, and M is assumed connected in
b). Therefore i∗x is injective. 
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